Charge qubits can be created and manipulated in solid-state double-quantum-dot (DQD) platforms. Typically, these systems are strongly affected by quantum noise stemming from coupling to substrate phonons. This is usually assumed to lead to decoherence towards steady states that are diagonal in the energy eigenbasis. In this letter we show, to the contrary, that due to the presence of phonons the equilibrium steady state of the DQD charge qubit may be engineered to display coherence in the energy eigenbasis. The magnitude of the coherence can be controlled by tuning the DQD parameters and regimes of high purity maybe found. In addition, we show that the steady-state coherence can be used to drive an auxiliary cavity mode coupled to the DQD.
Introduction.-Preparation and coherent control of qubit states is at the heart of many quantum technologies [1] . Undoubtedly, quantum coherence is the most primordial non-classical effect and is the root of many advantages displayed by quantum technologies over their classical equivalents. One of the major challenges for applications is to prepare a qubit in a state which has a controllable amount of coherence with stability in the long-time limit [2] . In real physical systems, quantum coherence is usually a fragile property, which is eventually destroyed by the presence of a surrounding environment [3, 4] . It is therefore no surprise that a plethora of strategies to preserve coherence have been conceived, such as quantum error correction [5] , dynamical decoupling [6] or feedback control [7] . All of these schemes are to some degree an inevitable battle against decoherence. Rather than fighting this battle, in this letter we highlight a different counter-intuitive route to generate and preserve coherence using quantum noise.
We specifically consider a semiconductor doublequantum-dot (DQD) embedded on a substrate [8] [9] [10] [11] [12] [13] [14] which realize a charge qubit coupled to a phononic bath [15, 16] . It has been previously demonstrated that properties of the DQD may be used to extract information about the phononic bath [8, 9] . In a recent experiment, [10, 11] , the DQD and substrate were coupled to an auxiliary optical cavity which was in turn used to experimentally characterize the spectral density of the substrate phonons. In this letter, we model the dynamical evolution of these platforms and focus on their steady state-properties. Remarkably, we find that the presence of phonons autonomously drives the DQD charge qubit to a steady state that has coherence in the energy eigenbasis while retaining a significant degree of purity. This surprising result finds its explanation in the particular structure of the system-bath interaction [17] . Furthermore, the magnitude of steady-state coherence can be controlled via experimentally tunable parameters. This is proven through an explicit calculation and characterization of the steady state Bloch vector of the charge qubit as a function of the controllable Hamiltonian parameters.
In addition to the obvious importance of generating coherence for quantum information processing, there is currently significant interest in harnessing coherence and exploiting it a resource in other contexts [18] . In particular, coherence in the energy eigenbasis has been identified as one of the key features distinguishing quantum thermodynamics from its classical counterpart [19] [20] [21] . For example, coherence may enhance the performance of quantum refrigerators [22] [23] [24] and heat engines [25] [26] [27] or be directly converted into work [28, 29] . To address this point, we conclude the letter by showing that, in our setup, the above phonon-induced steady-state coherence of the DQD can in fact be exploited to drive a mode of the surrounding cavity.
Autonomous generation of steady-state coherence.-The main theoretical idea behind the autonomous generation of steady state coherence was first introduced and explored in [17] . In that work, sufficient conditions concerning the structure of the interaction Hamiltonian between a qubit and a bosonic bath were identified such to lead to steady-state coherence. In particular, it was shown that a spin-boson model with a Hamiltonian of the form
(1) autonomously leads to a non-zero steady-state value for σ x . Here,σ x,y,z denote the usual Pauli spin operators and f 1 , f 2 = 0 two generic coupling constants,b k is the bosonic annihilation operator of the kth bath mode. The results presented in this letter stem from the crucial observation that a semiconductor DQD in contact with a phononic substrate is described exactly by a Hamiltonain of the form Eq. (1).
The DQD charge-qubit.-The set-up we consider is depicted schematically in Fig. 1 . The DQD comprises two fermionic modes with strong repulsive interaction between them. Substrate phonons are coupled to the electric dipole moment of the DQD. The full Hamiltonian (Refs. [11, 13, 30] Figure 1 . Schematic depiction of two quantum dots detuned in energy by ε with inter-dot tunnelling tc and Coulomb repulsion V , interacting with a substrate supporting phononic excitations.
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Heren =ĉ † ĉ ,ĉ is the fermionic annihilation operator of the th site andb k is the phononic annihilation operator of the kth mode of the bath. The experimentally controllable parameters of the DQD are the detuning ε and the hopping t c . The repulsive interaction between the two sites is given by V , which is usually much larger than any other energy scale in the regime of operation. The operatorB embodies the noisy detuning due to the fluctuating phonon bath. Assuming that the latter is in a thermal state relative to an inverse temperature β, i.e.
, the noise is characterized by zero mean-value, i.e. B (t) E = 0, and the auto-correlation function
where
is the spectral function of the phononic bath and ... E = Tr(ρ E ..). Then, in above equation, W s (ω, β) and W a (ω) represent the symmetric and the anti-symmetric parts of the noise power spectral density, respectively. The presence of W a (ω) is the hallmark of 'quantum noise' [31, 32] . Phenomenologically setting W a (ω) = 0 models 'classical noise'. This, for example, is approximately the case at high-temperatures, where W a (ω) is negligible compared to W s (ω, β).
The DQD can be operated in the single-particle regime, i.e., wheren 1 +n 2 = 1. In this regime, the fermionic operators can be exactly mapped to Pauli spin operators. The resulting Hamiltonians for the DQD and the DQDphonon couplings become, in the eigenbasis of the DQD Hamiltonian,
The above equation describes a DQD charge qubit coupled to a phononic bath. Whatever state the charge qubit is prepared in, due to the phonons, the charge qubit relaxes to a unique steady state. To determine the latter, we notice that the above Hamiltonian shares exactly the same form as Eq. (1). This means that in a solid state DQD charge qubit, the presence of phonons can autonomously generate coherence in the eigenbasis of the system Hamiltonian. We now proceed to characterize this steady-state-coherence and investigate their tunability and engineering. Steady-state properties.-The state of a qubit is completely characterized by the expectation values of the three Pauli operatorsσ x,y,z . In the long time limit, the entire set-up will eventually reach an equilibrium steadystate solution, so the charge current, which is proportional to σ y , will be zero. We therefore calculate the remaining expectation values of σ x and σ z in two different ways, both detailed in the Supplemental Material. In the first method, a Redfield master equation is derived for the time evolution of the DQD state, valid to second order inĤ SE . The expectation values σ x and σ z follow from the steady-state solution of the master equation. This gives the second order inĤ SE result for σ x , but zeroth order inĤ SE for σ z . [32, 33] . In the second method, one assumes that the steady-state solution for the DQD is obtained as the marginal of the global equilibrium thermal state ρ tot = Z −1 exp(−βĤ) (Z = Tr(exp(−βĤ)). The desired expectation values σ x = Tr[ρ totσx ] and σ z = Tr[ρ totσz ] are then computed using a perturbative expansion of ρ tot up to second order inĤ SE . This gives the same value for the coherence σ x as the master equation and a higher-order correction to the population inversion σ z [32] . Explicitly, the results read as
show that if sin 2θ = 0, which corresponds to ε, t c = 0, and if the noise is quantum, i.e., W a (ω) = 0, we have σ x = 0. Thus, in this case, there will be coherence in the eigenbasis of the system in steady state. If, on the other hand, the noise were classical, i.e., W a (ω) = 0, we would obtain σ x = 0 and there would be no steady state coherence. This implies that, in the hightemperature regime that corresponds to the classical limit [31] , no steady-state-coherence will be generated. This can also be checked by taking β → 0 limit of the above results. In the opposite limit of low temperatures, βω q 1, the above formulae simplify to
The above equations show that, within this temperature regime, the state of the DQD becomes temperature independent. Note, however, that these expressions are only valid for temperatures well above the Kondo scale T K , where our perturbative analysis is expected to break down [34] [35] [36] . Nevertheless, T K is exponentially suppressed by weak system-bath coupling, thus providing a wide temperature regime where our results hold. Numerical results.-Above, we have found that quantum noise due to phonons can be used to generate coherence in the energy eigenbasis of the DQD charge qubit for non-zero detuning. This is shown in Fig. 2 , where the dynamics of σ x (t) and σ y (t) as obtained from the quantum master equation is plotted for two different cases showing the effects of decoherence (for ε = 0) and coherence generation (for ε = 1). In numerical calculations, we have taken the phonon spectral function as
The spectral functions of' phonons in solid state DQDs have been well characterized theoretically and experimentally and varies depending on the experimental platform [8] [9] [10] [11] 16] . Our chosen spectral function is known to be a good description of bulk acoustic phonons in GaAs DQDs [8, 9, 11] . The frequency ω c = c s /d, where c s is the speed of sound in the substrate and d is the distance between the two quantum dots. The frequency ω max is the upper cut-off frequency. The dimensionless parameter γ b controls the strength of coupling with phonons. The validity of our theory requires that γ b 1. We have set ω c = 1 and used this as our unit of energy.
In Fig. 3 we characterize the steady state of the qubit. Since σ y = 0, we characterize the steady state by calculating σ x , and the radius of the Bloch vector While σ x is a measure of coherence, r is a measure of purity of the state. For a pure state r = 1, for a completely mixed state r = 0. The variation of σ x and r with different parameters of the DQD charge qubit is shown in Fig. 3 , demonstrating that steady-state coherence persists with high purity across a range of temperatures and energy scales. The maximal value of σ x can be achieved at low temperatures by setting the dots' detuning to ε = ±2t c . The sign of the coherence can be made positive or negative, depending on the sign of sin 2θ = 4εt c /ω 2 q , as can also be seen directly from Eq. (5). Interestingly, the coherence and purity remain constant as the temperature grows up to values of order k B T ∼ 0.1ω q , and then decay to zero as the temperature is further increased. It should therefore be possible to observe maximal phonon-induced steady-state coherence in a DQD system at only moderately low temperatures.
Let us make an order-of-magnitude estimate in order to demonstrate the feasibility of our proposal. We take ω q = 0.5ω c , ε = 2t c and βω q = 10, corresponding to the maximum coherence in Fig. 3 . In GaAs, c s ≈ 3000m/s, so that an inter-dot separation of d = 150nm yields ω c ≈ 20GHz. Therefore, the maximal coherence is obtained when ε ≈ 29µeV, t c ≈ 15µeV and T ≈ 50mK. These parameters are completely within reach of current experiments (for example, in Refs. [10, 11] ). In experimental set-ups, there will also typically be additional fermionic leads coupled to the DQD, which can be used to put a chemical potential bias driving the system outof-equilibrium. Our results here are for the equilibrium case, and we have checked that having fermionic leads at equal chemical potential does not change our results. Application to driving a cavity.-As an application, we now demonstrate that phonon-induced coherence may be used to displace an auxiliary cavity mode. Let the charge qubit be coupled to a cavity mode described by a JaynesCummings like interaction
Here ω 0 is frequency of the cavity mode,â is bosonic annihilation operator for the cavity mode, g is the cavity-DQD coupling strength andσ ± = (σ x ± iσ y )/2. The cavity will be further coupled with its own thermal environment, leading to a decay rate κ.
If both the cavity-DQD coupling and the cavity decay rate are small, and if the cavity is away from resonance with the DQD (i.e, ω q = ω 0 ), then we can obtain the steady state results for the cavity up to leading order in small quantities. The results for the expectation value of the cavity field operator â and the cavity occupation â †â to leading order are given by
while that for â 2 = 0. Thus, it is immediately clear that the coherence of the charge qubit causes displacement of the cavity mode, given by X = â +â † −2g σ x /ω 0 . However, â †â is given by the Bose-Einstein distribution for the cavity, which ensures that no average photon current flows between the cavity and its own bosonic thermal bath. This is consistent with the fact that entire set-up is at thermal equilibrium. This means that the variance ofX is given by var(X) = X 2 − X 2 coth(βω 0 /2) + O(g 2 ). At low temperatures, βω 0 1, var(X) 1, which is the limiting value due to quantum fluctuations. The cavity displacement X , which may in principle be experimentally measured [37] , thus directly probes the steady-state coherence of the DQD. In Fig. 4 , we show the real and imaginary parts of â in steady state as the DQD parameter θ is tuned. It is clear that â is non-zero when σ x is non-zero.
Conclusions and outlook.-We have theoretically demonstrated that quantum noise due to phonons in state-of-the-art DQD charge qubits generates steadystate coherence in the energy eigenbasis of the qubit at non-zero detuning. Due to the inherently dissipative nature of this phenomenon, it represents an especially robust, yet surprisingly tunable, addition to the toolbox of quantum state engineering for solid-state charge qubits. Remarkably, the magnitude and sign of the coherence can be controlled merely by manipulating the Hamiltonian parameters of the DQD, while retaining high purity. Aside from the intrinsic interest of generating quantum coherence, the resulting steady states represent useful resources in various contexts. As a simple example, we have shown that the qubit coherence in turn generates optical coherence in a cavity mode that is weakly coupled to the DQD.
We emphasize that the physics described here is a general property of spin-boson models of the type in Eq. 4. Such models can generically be used to describe dissipa-tive two-level systems, and can be engineered in various platforms (for examples, see Refs. [38, 39] and citations therein). The DQD charge qubit provides an especially promising example, since the required parameter regime corresponds to current state-of-the-art experiments [10] [11] [12] [13] [14] . Future work will focus on a full characterization of thermodynamic properties of the setup including an analysis of the relation between irreversible entropy production and coherence [40, 41] Supplemental Material: Tunable phonon-induced steady-state coherence in a double quantum dot
FROM FERMIONS TO QUBIT
The full Hamiltonian of the set-up consisting of the DQD and the phononic bath is given bŷ
Heren =ĉ † ĉ , andĉ is the fermionic annihilation operator of the th site andb k is the phononic annihilation operator of the kth mode of the bath. The DQD Hamiltonian can be diagonalized by the transforming to the fermionic operatorŝ A α , which are related toĉ via the following transformaiton,
In the transformed basis, the system Hamiltonian is given by,
whereN α =Â † αÂα . In the eigenbasis of the DQD, the DQD-phonons coupling is given bŷ
whereN =Â † Â . Note that coupling with the phononic bathĤ SE is such that the total number of fermions is conserved,N
,N 1N2 is also a conserved quantity. We will assume that the initial state ρ DQD tot is such that there is only one fermion in the DQD,N = 1,N 1N2 = 0 (S6)
With this constraint, we exactly haveσ
whereσ z andσ x are the usual Pauli spin operators. So, we can exactly transformĤ S andĤ SE tô
This is the Hamiltonian of the charge qubit.
OBTAINING STEADY STATE RESULTS FOR DQD FROM QUANTUM MASTER EQUATION

The general Redfield Quantum Master Equation and quantum noise
To obtain the NESS results for DQD-unit without the cavity-unit, we will take the approach of the Redfield Quantum Master Equation (RQME). For an arbitrary set-up of a system connected to a bath, the full set-up can be taken as isolated and described via the full system+bath Hamiltonian
HereĤ S is the system Hamiltonian,Ĥ E andĤ SE is the system-bath coupling Hamiltonian,Ŝ is some system operator andB is some bath operator and is a small parameter controlling the strength of system-bath coupling. The initial density matrix of the set-up ρ tot (0) is considered to be in product form ρ tot (0) = ρ(0) ⊗ ρ B , where ρ(0) is some initial state of the system, and ρ B is the initial state of the bath which is taken to be the thermal state with respect to the bath Hamiltonian. The Redfield Quantum Master Equation (RQME) is obtained by writing down the equation of motion for the reduced density matrix of the system up to O( 2 ) under Born-Markov approx. If B B = 0, where ... B refers to the average taken only with respect to bath, is satisfied initially, then, the RQME is given by
whereŜ m (t) = e iĤ S tŜ m e −iĤ S t ,B m (t) = e iĤ E tB m e −iĤ E t . This gives the leading order dissipative term. The evolution equation for expectation value of any system operatorÔ is given by
where ... = T r(ρ...). Note that if system-bath coupling Hamiltonian is O( ), the dissipative part of RQME is O( 2 ). This means, following Ref. [33] , the Redfield equation gives results which are correct to O(
2 ) for the off-diagonal elements of ρ in the eigenbasis of theĤ S , while it gives results correct to O( 0 ) for the off-diagonal elements of the ρ in the eigenbasis of theĤ S .
Note that, assumingB is Hermitian, the dissipative part in Eqs. S10 and S11 depend on the bath correlation functions B (t)B(0) B and its Hermitian conjugate. This correlation function has the meaning of an effective noise that the system experiences due to the bath. Noise is characterized by its power spectral density, defined as the Fourier transform of B (t)B(0) B ,
Here, in the second line, we have broken the inverse Fourier transform into symmetric (W s (ω)) and anti-symmetric parts (W a (ω)) with respect to ω. If the anti-symmetric part W a (ω) = 0, then, we see from above equation that B (t)B(0) B is real. This would mean that [B(t),B(0)] = 0. So, as far as the noise of the system is concerned, B(t) will no longer behave as an operator, but as a classical variable. If, on the other hand, [B(t),B(0)] = 0, then B (t)B(0) B will have a complex part. Hence, for such a case, W a (ω) = 0. Thus, existence of the anti-symmetric part of the power-spectral density is a necessary signature of the quantum nature of the noise coming from the environment Ref. [31] . In the following, we will see that it is the quantum nature of the noise coming from the bath in our set-up that leads to steady-state-coherence.
Steady-state-coherence in the charge qubit due to quantum noise
We now simply use Eqs. S11, S10 for our set-up of interest, the charge qubit given in Eq. S8. Comparing Eq. S9 and Eq. S8, we see thatŜ
We define the spectral function of the phonon bath
The effective noise correlation from the bath can be written as
Comparing above equation with Eq. S12, we see that
where we have added to argument β to the definition of symmetric part of W (ω) to make the temperature dependence explicit. So, the phononic bath acts as an effective a quantum noise on the system. This is essentially the quantum part of the charge noise. Now, we define the following function
where ω q is the qubit frequency in Eq. S8. Using Eqs. S15 and S16, F B (ω q ) can be evaluated as
In terms of the functions defined above, the evolution expectation values of σ x , σ y , σ z can be written down using Eq. S11,
The steady state solution is obtained by setting the LHS of the above equations to zero. Thus, we obtain the steady state solutions up to leading order in system-bath coupling,
where we have used σ z 0 to highlight that this is the zeroth order result in system-bath coupling, while σ x and σ y are second order in system-bath coupling. The above equations show very interesting physics. If the charge noise was classical, W a (ω) = ∆ a (ω) = 0. In that case, we would have σ z 0 = σ y = σ x = 0 in the steady state. So a classical charge noise would take any given initial state of the system to a completely mixed state. If, on the other hand, the noise from the environment is quantum, as in our case, σ x = 0 in the steady state. So, no matter what state the system was in initially, in the steady state, coherence will be generated due to the quantum noise coming from the environment. As mentioned before, the second order perturbative quantum master gives the the diagonal elements of the density matrix correct to zeroth order. So, in above equation we get σ z 0 = − tanh βωq 2
, which is the zeroth order result.
At low temperatures, this essentially violates the necessary condition for a qubit that r = σ x 2 + σ y 2 + σ z 2 ≤ 1. So, for the results to be meaningful, we need to calculate the second order correction to σ z . This can be done by deriving the quantum master equation up to higher order. However, that is quite cumbersome. So, instead, we use the fact that the steady state of the system in equilibrium should be given by the marginal of the global thermal state, i.e., ρ = T r B (exp(−βĤ)/Z), whereĤ is the total Hamiltonian of the set-up (see Eq. S1). In the next section, we calculate σ x and σ z by perturbative expansion of global thermal state. We show that σ x obtained is the same as Eq. S20, while we can obtain the next order correction to σ z .
DQD RESULTS FROM PERTURBATION EXPANSION OF A GLOBAL THERMAL STATE perturbation expansion of a global thermal state
Let us write the total Hamiltonian asĤ =Ĥ S +Ĥ E +Ĥ SE , wherê
Our goal is to compute the reduced density matrix
up to second order inĤ SE , where Z = Tr[e −βĤ ]. For this purpose, let us defineX(β) = e βĤ0 e −βĤ , whereĤ 0 = H S +Ĥ E . This is the solution of the differential equation
whereH SE (β) = e 
Truncating this at second order inH SE , we find
We now recover the equilibrium density matrix from the identity
which enforces hermiticity of the density matrix even with the approximated expression (S27). Now, let us define the bare expectation value
] is the bare partition function, which factorizes into system and bath contributions Z S,B = Tr[e −βĤ S,B ].. We also writeĤ SE =ŜB, wherê
, we obtain the approximate partition function
Similarly, we obtain the numerator of Eq. (S24) as 
whereS(τ ) = e τĤ SŜ e −τĤ S ,B(τ ) = e τĤ EB e −τĤ E . Dividing one by the other, we get the following result at second order: 
We thus find that
Using the above results, it is straightforward to deduce that σ y = 0. Note that the hermitian conjugate term in Eq. (S31) is essential to obtain this result. For the relevant steady-state coherence, we find
It can be checked that after plugging in Eq. (S32) and carrying out the imaginary-time integrals explicitly, we obtain the same result as in Eq. S20. We also obtain a correction to the bare population inversion σ z 0 = − tanh(βω q /2) given by 
the final result in Eq. S36 can be simplified to
Here ∆ s (ω q , β) is as defined in Eq. S18.
CALCULATIONS FOR THE AUXILIARY CAVITY
We consider a cavity which is coupled to the DQD charge qubit via a Jaynes-Cummings type coupling, and also with its own thermal bosonic bath,Ĥ 
andσ ± = (σ x ± iσ y )/2. Assuming the spectral density of the bosonic bath of the cavity is reasonably flat, we have equation of motion for the cavity field operator
